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Complexity  Bounds  for  Quantum  Computation 
DAAD19-02-1-0058 

Our  project  focussed  on  fundamental  theoretical  issues  in  quantum  complexity 
theory  and  algorithms.  It  studied  problems  from  the  Theory  Component  of  the 
Quantum  Computing  Roadmap.  The  research  on  complexity  bears  on  the  efficiency 
of  quantum  circuits  and  of  simple  resource  bounded  circuit  classes.  This  work  also 
impacts  quantum  algorithms  as  we  are  designing  small  circuits  which  can  be  used  to 
implement  and  to  improve  the  efficiency  of  fundamental  quantum  computations. 

During  the  duration  of  this  grant  progress  was  made  on  several  different  key  areas 
of  our  research  program.  These  include  research  on  constant  depth  quantum  circuits, 
on  the  fanout  problem  for  these  circuits,  on  algorithms  which  simulate  fundamental 
gates  and  circuit  elements,  and  on  relationships  between  quantum  complexity  classes. 
Research  in  each  of  these  areas  is  described  below.  In  the  last  period  of  this  grant, 
comprising  a  5  month  no-cost  extension,  a  few  final  results  were  established  and  a 
survey  paper  summarizing  much  of  the  more  recent,  central  work  on  this  project  was 
written  and  published. 

Major  results  obtained  with  the  support  provided  for  this  project  include: 

1.  The  construction  of  minimal  size  and  depth  quantum  circuits  which  can  com¬ 
pute  important  combinatorial  functions.  Among  these  are, 

•  construction  of  circuits  computing  parity,  and  other  mod  functions.  These 
are  built  with  small  circuits  composed  only  of  Toffoli,  single-qubit  and 
Hadamard  gates, 

•  construction  of  threshold  functions  can  be  similarly  composed,  proving 
that  integer  division  can  be  done  with  these  circuits  more  efficiently  than 
in  classical  computation, 

•  construction  of  small  circuits  which  can  carry  out  phase  estimation,  show¬ 
ing  that  the  quantum  content  of  strong  quantum  algorithms  like  Shor’s 
algorithm  can  be  done  with  smaller  and  simpler  circuits  than  had  previ¬ 
ously  been  thought  possible. 

2.  Proofs  of  lower  bounds  on  the  capabilities  of  small  depth  quantum  circuits  with 
limited  gate  types  to  compute  more  complex  quantum  transforms.  In  particular, 
we  focussed  on  lower  bounds  for 


•  computing  parity  or  fanout  using  constant  or  log  depth  quantum  circuits, 

•  quantum  simulations  of  classical  circuit  elements  and  classes,  such  as  thresh¬ 
old  and  mod  functions,  and 

•  the  general  relationships  between  quantum  complexity  classes  and  corre¬ 
sponding  classical  classes,  and  in  particular,  hierarchy  theorems  for  these 
classes. 

3.  We  also  examined  a  number  of  issues  relating  basic  properties  of  resource 
bounded  quantum  circuits,  universal  circuit  families,  and  on  the  necessity  of 
extra  qubits  (ancillae)  used  in  their  computations. 

•  We  have  constructed  a  family  of  universal  constant  depth  quantum  circuits. 
These  circuits  can  efficiently  simulate  any  other  family  of  constant  depth 
quantum  circuits. 

•  We  defined  simple  measurements  of  entanglement  for  small  quantum  sys¬ 
tems  which  will  allow  us  to  prove  lower  bounds  on  the  quantum  circuit 
complexity  of  quantum  circuits  which  compute  simple  combinatorial  func¬ 
tions. 

•  We  found  examples  of  natural  functions  needing  additional  ancillae  in  order 
to  be  efficiently  computable. 

•  We  extended  earlier  upper  and  lower  bounds  on  the  computational  capabil¬ 
ities  of  constant  depth  quantum  circuits  to  other  combinatorial  problems 
and  to  circuits  which  have  polylog  depth. 

•  We  recently  wrote  of  a  25  page  survey  paper  which  appeared  this  summer  in 
the  June  issue  of  SIGACT  News.  It  covered  upper  and  lower  bounds  results 
for  small  depth  quantum  circuits.  This  work  centers  on  the  complexity  of 
computing  fanout,  parity,  mod  functions  and  threshold  gates  using  weaker 
gates  such  as  CNOT  and  single  qubit  gates. 

In  general  our  research  exposed  differences  between  resource  bounded  quantum 
computation  within  various  quantum  models.  Our  work  originates  from  the  point  of 
view  of  “classical”  complexity,  comparing  and  measuring  the  efficiency  of  quantum 
computation  using  the  methods  of  complexity  theory.  A  second  focus  and  outgrowth 
of  this  and  past  work  is  the  creation  of  efficient  quantum  circuit  algorithms,  in  the  form 
of  quantum  circuits  for  specific  problems  and  functions.  In  particular  we  have  studied 
constant  depth  quantum  circuit  classes  constructed  from  limited,  simple  universal  sets 
of  gates,  and  quantum  analogs  of  classical  universal  complexity  classes  such  as  NC, 
AC  and  ACC.  Our  goal  is  to  measure  and  classify  the  complexity  of  problems  solvable 
by  small-depth  quantum  circuits  and  resource  bounded  quantum  algorithms. 


Our  work  then  tells  us  what  what  circuit  elements  are  necessary  and  which  are 
sufficient  to  carry  out  specific  natural  quantum  computations.  It  provides  metrics 
which  quantify  the  power  and  the  limits  of  the  various  quantum  circuit  implemen¬ 
tations.  This  research  also  impacts  quantum  algorithms  as  we  are  designing  small 
circuits  which  can  be  used  to  implement  and  to  improve  the  efficiency  of  fundamental 
quantum  computations. 

The  remainder  of  this  report  contains  brief  summaries  of  the  different  results  we 
have  obtained,  and  ends  with  a  discussion  of  the  education  and  outreach  accomplish¬ 
ments  we  have  achieved.  The  bibliography  contains  a  list  of  papers  supported  by  this 
project. 

Understanding  the  Computational  Power  of  Constant  Depth  Quantum 
Circuits 

We  have  been  working  on  extending  our  understanding  of  the  power  of  small  depth 
quantum  circuits  made  from  a  few  simple  gates  each  of  which  take  a  small  number 
(usually  three  or  less)  qubits  as  input.  Such  circuits  matter  as  it  seems  apparent  that 
for  the  foreseeable  future  all  circuits  which  are  implemented  will  be  no  more  powerful 
than  these.  We  have  shown  that,  when  such  circuits  are  allowed  to  have  fanout  gates, 
then  they  are  surprisingly  more  powerful  than  their  classical  analogs.  On  the  other 
hand,  we  have  recently  shown  that  languages  defined  by  constant  depth  quantum 
circuits  composed  only  of  single  qubit  and  CNOT  gates  have  differing  computational 
power  depending  on  the  accuracy  demanded  of  the  circuit  computation  which  are 
used  to  decide  membership  in  the  language.  And  we  have  proved  that  constant  depth 
circuits  with  single  qubit  and  Toffoli  gates  cannot  be  exactly  simulated  by  those  with 
only  single  qubit  and  CNOT  gates. 

The  ’’fanout  problem”  concerns  the  capability  to  unitarily  provide  the  output  of  a 
gate  to  multiple  other  gates  in  a  circuit.  This  relates  to  quantum  circuit  complexity 
and  quantum  data  transmission.  The  fanout  capability  is  available  ’’for  free”  to 
classical  circuits,  and  it  is  assumed  to  be  available,  as  a  unitary  ” controlled-fanout” 
gate.  (Note  that  it  is  really  only  classical  bits  that  are  being  fanned  out  here,  the 
no-cloning  theorem  does  not  allow  fanout  of  qubits,  and  the  unitary  extension  of 
this  function  does  not  fanout  arbitrary  qubits.)  It  will  be  difficult  to  build  efficient, 
that  is  constant  depth,  quantum  circuits  for  many  natural  problems  if  efficient  fanout 
is  not  possible.  We  have  made  recent  progress  in  determining  whether  fanout  is 
unavoidable  in  this  setting  or  whether  it  can  be  circumvented  by  some  new  quantum 
circuit  construction.  We  believe  this  is  not  possible  in  general,  and  that  arbitrary 
fanout  cannot  be  done  by  a  constant  depth  circuit  family  using  only  single  qubit  and 
Toffoli  gates.  We  have  proved  that  fanout  cannot  be  done  by  some  specific,  limited 
families  of  such  gates. 


One  paper,  “Quantum  Lower  Bounds  for  Fanout,”  appeared  in  2005  in  the  Journal 
of  Quantum  Information  and  Computation.  This  work,  by  Fang,  Fenner,  Green, 
Homer  and  Zhang,  studies  new  lower  bounds  for  constant  depth  quantum  circuits 
constructed  from  a  limited,  though  still  universal,  set  of  gates.  The  main  results  are 
that  parity  (and  equivalently  fanout)  requires  log  depth  circuits  in  two  separate  cases. 
First,  log  depth  is  necessary  when  the  circuits  are  composed  of  any  single  qubit  and 
cnot  gates  (or  gates  come  from  any  finite  set  of  2  qubit  gates).  Second,  log  depth 
is  still  needed  when  the  circuits  are  composed  of  single  qubit  and  extended  Toffoli 
gates  (generalized  CNOT  gates  of  arbitrary  arity),  and  when  they  are  limited  to  only 
constantly  many  ancillae.  (Ancillae  are  auxiliary  qubits  which  provide  extra  work 
space  for  the  circuit  to  carry  out  its  computation.)  Under  this  constraint,  this  bound 
is  close  to  optimal.  In  the  case  of  a  non-constant  number  of  ancillae,  we  give  a  tradeoff 
between  the  number  of  ancillae  used  in  the  computation  and  the  required  depth.  We 
are  currently  working  on  trying  to  extend  this  lower  bound  to  a  polynomial  number 
of  ancillae  and  also  exploring  the  necessity  and  power  of  ancillae  for  other  central 
computations  using  quantum  circuits. 

To  summarize,  this  work  provides  a  way  of  building  simple  circuit  modules  useful 
for  the  construction  of  circuits  for  interesting  combinatorial  functions,  and  gives  a 
simplification  of  the  circuits  needed  to  carry  out  current  algorithms.  We  are  cur¬ 
rently  working  on  finding  constant  depth  quantum  circuits  that  yield  more  efficient 
algorithms  using  smaller  and  less  complex  circuits  and  circuit  elements. 

The  Power  of  Ancillae  in  Efficient  Quantum  Computation 

Our  work  in  this  area  shows  that,  for  certain  simple  computations,  there  is  a  strict 
trade-off  between  the  number  of  steps  of  the  computation  and  the  number  of  qubits 
in  the  quantum  circuit  carrying  out  the  computation.  The  question  of  whether  more 
than  sublinear  many  ancillae  would  result  in  the  possibility  of  fanout  being  computed 
in  constant  depth  remains  open,  though  we  conjecture  that  additional  ancillae  do  not 
help  in  this  case.  It  arises  from  the  fact  that  the  proof  of  the  lower  bound  for  fanout, 
using  only  single  qubit  and  Toffoli  gates,  is  only  known  to  hold  in  the  presence  of  few 
ancillae  highlights  the  issue  of  ancillae  in  constant  depth  quantum  computation.  The 
underlying  issue  is  whether  and  when  quantum  computers  require  additional  qubits 
(and  how  many  are  needed)  to  carry  out  basic  computations  is  of  considerable  interest 
to  theorists  and  practitioners  alike. 

We  know  that  functions  exist  for  which  additional  ancillae  do  help  and  make  the 
difference  between  constant  and  non-constant  circuit  depth.  Let  -|-  denote  the  “exclu¬ 
sive  or”  operation.  Consider  the  function  which  takes  as  input  n  qubits  {xi,X2,  ■■■■,Xn) 
and  which  outputs  (Xi,Xi  +  X2,Xi  +  X2  X^,  X2  +  X^  +  X4,  ...,X(n-2)  +  +  Xn)- 

We  prove  that  this  and  related  function  cannot  be  computed  by  a  constant  depth 
quantum  circuit  but  it  can  be  efficiently  computed  if  linearly  many  extra  qubits  are 


allowed  in  the  quantum  system.  More  precisely,  using  CNOT  and  single  qubit  gates, 
this  function  requires  a  log  n  depth  quantum  circuit  to  compute.  We  also  prove  that 
it  can  be  computed  by  a  circuit  of  depth  (log  n)(log  n). 

In  fact  there  are  functions  F  acting  on  n  qubits  for  which  we  can  prove: 

(i)  F  takes  log  n  depth  to  compute  without  ancillae 

(ii)  F  can  be  computed  in  depth  (lognY  without  ancillae 

(hi)  F  can  be  computed  in  constant  depth  with  n  ancillae.  With  fewer  ancillae 
there  is  a  trade-off  between  the  number  of  ancillae  used  and  the  depth  of  the  circuits 
needed  to  compute  F.  For  example,  with  n  ancillae  the  computation  of  F  can  be 
done  in  depth  3,  with  n/2  ancillae  the  depth  is  4,  etc.  It  is  worth  noting  that  these 
computations  cannot  be  done  cleanly. 

Using  Entanglement  Measures  to  prove  Lower  Bounds  on  Quantum  Com¬ 
putation 

In  research  not  yet  fully  completed,  we  have  developed  a  new,  limited  measure 
of  entanglement  in  a  quantum  state.  This  measure  is  weak  in  sense  that  it  does  not 
fully  classify  the  degree  of  entanglement  of  a  state  (a  more  computationally  difficult 
problem).  Rather  it  allows  us  to  algebraically  analyze  a  pure  quantum  state  and  to 
effectively  determine  whether  the  state  can  be  factored  into  the  tensor  product  of  two 
or  more  pure  states.  Our  aim  is  to  use  our  measure  to  achieve  separations  and  lower 
bounds  for  quantum  circuit  classes.  For  example,  we  can  analyze  and  compare  the 
maximum  amount  of  possible  entanglement  of  unentangled  pure  states  after  applica¬ 
tion  of  fanout  gates  and  single  qubit  gates  versus  the  same  measure  after  application 
of  Toffoli  gates  and  single  qubit  gates.  By  showing  that  our  measure  differs  on  the 
states  reached  after  these  two  transformations  of  the  same  state,  we  hope  to  be  able 
to  prove  that  finite  depth  circuits  of  Toffoli  and  single  qubit  gates  cannot  be  used  to 
compute  fanout,  this  giving  a  new  lower  bound  proof  for  the  power  of  fanout  gates 
in  quantum  circuits.  This  is  a  first  step  in  developing  a  new  approach  to  proving 
lower  bounds  for  different  classes  of  quantum  circuits  and  for  better  understanding 
the  computational  power  of  these  circuits. 

Upper  Bounds  and  Simulations  of  Constant  Depth  Quantum  Circuits 

We  have  recently  examined  whether  languages  defined  by  constant  depth  quantum 
circuits  without  fanout  gates  have  differing  computational  power  depending  on  the 
accuracy  demanded  of  the  circuit  computation  which  are  used  to  decide  the  language. 
In  the  paper,  “Bounds  on  the  power  of  constant-depth  quantum  circuits,”  by  Fenner, 
Green,  Homer  and  Zhang,  (in  Proceedings  of  the  15th  International  Symposium  on 
Fundamentals  of  Computation  Theory,  Luebeck,  Germany,  August  2005.  Springer 
LNCS  3623,  pages  44-55,  and  quant-ph/0312209)  upper  bounds  on  constant  depth 
circuit  classes  are  considered.  We  study  QNC^,  the  class  of  constant  depth  circuit 


families  built  from  CNOT  and  single  qubit  gates.  (Think  of  it  this  way.  A  circuit 
family  is  an  infinite  collection  of  circuits,  Cn,  which  is  designed  to  carry  out  a  com¬ 
putation  on  problem  inputs  of  any  size.  The  circuit  Cn  is  the  one  which  does  this  for 
inputs  of  size  n,  typically  n  qubits.  The  circuit  family  being  constant  depth  means 
there  is  a  fixed  constant  k  such  that  each  circuit  in  the  family  has  depth  no  more 
than  k.  ) 

The  class  EQNC^  is  the  constant-depth  analog  of  the  class  EQP.  (EQP  is  the 
class  of  problems  solvable  in  polynomial  time  by  exact  quantum  algorithms,  those 
which  are  correct  with  probability  1.)  EQNC^  consists  of  those  languages  L  such 
that  there  is  a  (uniformly  defined)  circuit  family  in  QNC^  such  that  which  decides 
membership  of  strings  in  L  with  probability  1.  Similarly  NQNC^  (BQNC^)  lan¬ 
guages  are  those  where  elements  of  L  are  those  which  are  accepted  by  the  circuit  with 
positive  probability  (with  probability  >  2/3). 

In  our  paper  it  is  shown  that,  if  a  language  is  recognized  within  certain  small  error 
bounds  by  a  QNC^  circuit  family,  then  it  is  computable  in  (classical)  polynomial 
time.  In  particular,  our  results  imply  EQNC^  is  contained  in  P.  On  the  other  hand, 
we  adapt  and  extend  ideas  of  Terhal  and  DiVincenzo  (quant-ph/0205133),  regarding 
teleportation  as  a  computation  resource,  to  show  that,  for  any  family  F  of  quantum 
gates  including  Hadamard  and  CNOT  gates,  computing  the  acceptance  probabilities 
of  depth-five  circuits  over  F  is  just  as  hard  as  computing  these  probabilities  exactly 
for  circuits  over  F.  In  particular,  this  implies  that  NQNC^  is  hard  for  the  polynomial 
time  hierarchy,  where  NQNC^  is  the  constant-depth  analog  of  the  class  NQP.  {NQP 
is  the  class  of  computational  problems  which  can  be  decided  by  a  polynomial  time 
quantum  algorithm,  where  a  problem  instance  is  accepted  if  the  algorithm  on  that 
input  instance  has  positive  acceptance  probability.)  Hence  there  is  a  great  difference 
in  the  power  of  QNC^  circuits  depending  on  the  reliability/accuracy  with  which  they 
are  required  to  carry  out  their  computations.  We  have  also  carried  out  related  work 
(quant-ph/0106017  and  quant-ph/0002057,  with  Moore  and  Pollett)  which  compares 
the  power  of  different  unitary  gates  in  constant  depth  quantum  circuits  in  simulating 
particular  fundamental  combinatorial  functions.  In  particular,  using  constant  depth 
quantum  circuits  which  are  allowed  to  have  fanout  gates,  (and  related  work  which 
has  followed,  principally  by  Hoyer,  Spalek,  Watrous  and  Cleve)  has  some  strong 
consequences  for  quantum  algorithms  and  the  possibility  of  their  having  efficient 
implementations.  In  particular  we  now  know  the  following  constructions, 

•  the  parity  gate  (and  any  other  mod  gate)  can  be  built  with  a  small  circuit 
composed  only  of  Toffoli,  fanout,  and  single-qubit  gates,  and  as  well  fanout  can 
be  built  from  parity. 

•  threshold  gates  can  be  similarly  constructed,  proving  that  integer  division  can 
be  done  with  these  circuits  more  efficiently  than  in  classical  computation. 


•  phase  estimation  can  be  done  with  small  circuit  families,  showing  that  the  quan¬ 
tum  content  of  strong  quantum  algorithms  like  Shor’s  algorithm  can  be  done 
with  smaller  and  simpler  circuits  than  had  previously  been  thought  possible. 

This  work  provides  a  way  of  building  simple  circuit  modules  useful  for  the  con¬ 
struction  of  quantum  algorithms,  and  gives  a  simplification  of  the  circuits  needed  to 
carry  out  current  algorithms.  We  are  currently  working  on  finding  constant  depth 
quantum  circuits  that  yield  more  efficient  algorithms  using  smaller  and  less  complex 
circuits  and  circuit  elements. 

Universal  Quantum  Circuits 

Our  recent  research  in  this  area  focuses  on  constructing  universal  circuits  for 
natural  classes  of  quantum  circuits.  Our  first  result  exhibits  a  universal  circuit  family 
U  for  any  constant-depth  quantum  circuit  family  composed  only  of  CNOT,  single 
qubit  and  fanout  gates.  The  circuit  family  U  is  universal  in  the  sense  that  any  other 
constant-depth  circuit  family  composed  from  the  same  gates  can  be  efficiently  and 
uniformly  simulated  by  U. 

The  existence  of  such  universal  families  of  circuits  for  a  class  of  circuits  C  has  been 
extensively  studied  in  classical  circuit  theory,  and  universal  circuits  have  been  shown 
to  exist  for  many  classes  of  classical  circuits.  Such  universal  circuits  are  fundamental 
and  useful  as  they  provide  an  example  of  a  uniform  family  of  circuits  which,  once 
constructed  give  a  platform  on  which  any  other  circuit  in  C  can  be  implemented  (a 
kind  of  “compiler”  for  C).  Our  work  is  the  first  example  of  a  universal  circuit  for  a 
significant  class  of  quantum  circuits. 

We  are  working  to  extend  our  results  in  several  directions.  We  hope  to  prove  a 
similar  result  for  circuits  of  greater  depth.  In  particular  for  circuits  in  the  classes 
and  in  NC’‘ ,  both  with  and  without  fanout.  We  would  also  like  to  know  if  our 
result  for  finite  depth  circuits  with  fanout  can  also  be  carried  out  when  the  fanout 
gate  is  not  included  in  the  basic  set  of  gates. 

Complexity  Classes  and  Associated  Problems 

In  previous  work  the  quantum  class  NQP,  defined  by  Adelman,  DeMarrais  and 
Huang,  was  shown  to  be  equal  to  the  classical  complexity  class  coC=P.  We  have 
extended  and  continued  this  research  direction  in  two  different  ways.  Both  the  original 
work  and  the  new  research  here  was  done  in  collaboration  with  Steve  Fenner. 

The  above  result  has  been  strengthened  to  include  the  circuit  class  NQAC^  (with 
fanout).  That  is,  we  proved  that  the  class  NQAC^  equals  coC=P.  This  answers 
an  open  question  we  posed  in  our  earlier  work  with  Moore  and  Pollett  (and  in  fact 
disproves  a  conjecture  put  forward  in  that  work).  The  proof  draws  on  the  main 
result  in  the  recent  paper  “Adaptive  quantum  computation,  constant  depth  quantum 
circuits  and  Arthur-Merlin  games”  by  Terhal  and  DeVincenzo  (quant-ph/0205133) 


and  subsumes  our  previous  result  regarding  the  strength  of  the  class  NQP. 

The  study  of  a  number  of  variants  of  NP  in  the  quantum  setting  has  continued, 
together  with  research  comparing  these  classes  with  central  quantum  classes.  The 
class  3EQP,  a  natural  quantum  analog  of  NP,  has  been  considered.  3EQP  is  the 
collection  of  languages  defined  by  the  existence  of  a  (classical)  existential  witness  to  an 
EQP  computation.  We  proved  that  3EQP  is  contained  in  NQP.  We  also  considered 
the  power  of  allowing  the  witness  to  the  computation  be  a  quantum  state,  rather  than 
a  classical  string.  Here  we  showed  that  nothing  is  gained  with  a  quantum  witness  to 
an  NQP  computation  and  that  the  resulting  languages  were  the  same  as  NQP. 

The  study  of  a  number  of  variants  of  NP  in  the  quantum  setting  has  continued,  to¬ 
gether  with  research  comparing  these  classes  with  central  quantum  classes.  The  class 
3EQP,  a  natural  quantum  analog  of  NP,  has  been  considered.  3EQP  is  the  collection 
of  languages  defined  by  the  existence  of  a  (classical)  existential  witness  to  an  EQP 
computation.  We  proved  that  3EQP  is  contained  in  NQP.  We  also  considered  the 
power  of  allowing  the  witness  to  the  computation  be  a  quantum  state,  rather  than  a 
classical  string.  Here  we  showed  that  nothing  is  gained  with  a  quantum  witness  to  an 
NQP  computation  and  that  the  resulting  languages  were  the  same  as  NQP.  We  also 
established  the  chain  of  inclusions,  EQP  C  3EQP  C  QMA{one  —  sided)  C  NQP, 
and  can  show  that  all  these  containments  are  proper  relative  to  an  oracle. 

Education 

This  project  has  supported  4  students.  Seth  Roby,  a  computer  science  under¬ 
graduate  major,  did  his  honor’s  project  studying  and  implementing  a  simulation  of 
Shor’s  algorithm  for  factoring.  Natalia  Luckyanova,  a  Master’s  student  worked  for 
about  6  months  on  this  project,  before  deciding  to  switch  her  focus  to  a  project  I 
had  in  computational  chemistry  with  two  members  of  the  chemistry  department.  She 
finished  her  MA  work  on  this  project  and  received  her  degree  in  May  of  2006. 

Maosen  Fang  began  quantum  computing  research  in  April  of  2002.  He  spent  the 
first  part  of  the  year  working  on  problems  related  to  quantum  fanout.  This  work 
resulted  in  his  co-authorship  of  the  paper  “Quantum  Lower  Bounds  for  Fanout,”  dis¬ 
cussed  above.  Maosen  finished  his  MA  work  last  year  and  continues  his  Ph.D.  work 
in  this  area  in  his  study  of  the  open  problems  which  remain,  notably  lower  bounds 
for  general  QNC^  circuit  families.  He  is  jointly  supervised  by  Fred  Green  and  Steve 
Homer.  A  second  Ph.D.  student  Debajyoti  Bera,  is  approaching  the  end  of  his  grad¬ 
uate  training,  working  on  universal  circuits  for  small  depth  quantum  computation, 
as  well  as  for  more  general  classes  of  efficiently  computable  quantum  functions.  This 
work  raises  questions  concerning  how  adding  resources  such  as  time,  space  and  addi¬ 
tional  qubits  allow  for  more  powerful  and  efficient  quantum  computation.  Debajyoti 
has  also  considered  questions  such  as  whether  there  are  problems  computed  by  a  cir¬ 
cuit  family  of  fixed  constant  depth  k,  but  not  by  any  family  of  depth  <  k.  He  is  also 


considering  the  affect  of  allowing  limited  ancillae  in  these  circuits.  There  are  several 
interesting  results  and  we  are  working  on  refining  and  strengthening  them,  and  within 
the  next  year,  completing  his  Ph.D  thesis.  Recently  Debajyoti  was  a  co-author  of  the 
survey  paper  we  wrote  with  Fred  Green  for  the  June,  2007  SIGACT  News. 

Several  of  the  results  from  this  project  were  presented  at  seminars  in  Computer 
Science  and  in  Computational  Science  at  Boston  University,  SUNY  at  Buffalo,  the 
University  of  Maryland,  UMass  Lowell,  Northeastern  University,  Clark  University, 
Heidelberg  University,  and  at  a  number  of  national  and  international  conferences. 

In  2004,  together  with  Professor  Peter  Gacs,  Steve  Homer  organized  and  taught  a 
graduate  level  quantum  computing  seminar.  Attendees  included  six  Boston  University 
Ph.D.  students  and  two  faculty  members  from  local  universities.  We  anticipate  that 
the  seminar  will  be  repeated  next  year.  Steve  Homer  also  organized  the  continuing 
Boston  University  Theory  Seminar,  which  meet  weekly  during  the  school  year,  and 
at  which  some  of  these  results  were  presented  and  discussed. 

The  following  bibliography  contains  papers  written  with  the  support  of  this  grant. 
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